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“While writing my book [Stochas-

tic Processes] I had an argument

with Feller. He asserted that

everyone said “random variable”

and I asserted that everyone said

“chance variable.” We obviously

had to use the same name in our

books, so we decided the issue by

a stochastic procedure. That is,

we tossed for it and he won.” -

Joseph Leo Doob.
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Descrever a população de nêutrons dentro de um reator nuclear é uma tarefa

dif́ıcil. A maneira mais comum de fazê-lo é resolvendo a equação de transporte de

Boltzmann. Sob muitas simplificações, equações cinéticas podem ser derivadas para

ter uma dinâmica temporal do sistema. Essa abordagem é feita sob muitas sim-

plificações e, em muitos casos, pode levar a soluções anaĺıticas e numéricas dif́ıceis,

especialmente nos casos em que muitos grupos de precursores e energias são consid-

erados. O presente trabalho tem como objetivo descrever a população de nêutrons

para um sistema pronto/atrasado de part́ıculas em um meio infinito em uma abor-

dagem dos Processos de Ramificativos Pontuais. A dinâmica do modelo é descrita

em termos das equações de Kolmogorov do tipo regressivo e progressivo. O valor es-

perado da população pode ser calculada em termos de derivadas da função geradora

e, dessa forma, as condições de criticidade podem ser apresentadas. Além disso, será

demonstrado que argumentos de criticalidade também podem ser apresentados de

maneira probabiĺıstica e que a chamada probabilidade de extinção desempenha um

papel importante na estabilidade do sistema. Também é apresentada uma simulação

do sistema Monte Carlo utilizando o Projeto Generator, um conjunto de códigos em

C++ que faz amplo uso da biblioteca ROOT do CERN.
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Describing the neutron population inside a nuclear reactor is a difficult task. The

most common way to do so is to solve the Boltzmann transport equation. Under

many simplifications, kinetics equations can be derived in order to have only a tem-

poral dynamics of the system. Such approach is made under many simplifications

and in many cases can lead to difficult analytical and numerical solutions, especially

in the cases where many groups of precursors and energies are considered. The cur-

rent work intends to describe the neutron population for a prompt/delayed system

of particles in an infinite medium in a one-point Branching Process approach. The

model dynamics is described in terms of the backward and forward-type Kolmogorov

equations. Population expectation can be computed in terms of derivatives of the

generation function and this way, criticality conditions can be presented. Also, it

will be shown that criticality arguments can also be presented in probabilistic ways

and that the so called extinction probability has an important role in the system

stability. Also, it is presented a Monte-Carlo system’s simulations by making use

of the Generator Project, a C++ set of codes which makes great use of CERN’s

ROOT library.
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Chapter 1

Introduction

A nuclear reactor chain is a series of neutron-nuclide interactions that generate

fission fragments, neutrons, and energy. A classical reaction for the case of U235 is

n+ U235 → Xe140 + Sr94 + 2n (1.1)

The nuclear fission reaction chain is called sustained, when the population of

neutrons and fissile nuclides are sufficient to maintain the reactions for a long period

of time. Describing the neutron population dynamics in a nuclear reaction chain is a

key problem for Nuclear Power Generation engineering and is therefore, a population

problem.

The so-called Reactor Kinetics Equations, which can be found in several classic

Reactor Physics Texts DUDERSTADT e HAMILTON (1976) BELL e GLASSTONE

(1970) LAMARSH (1966), are a traditional approach to this problem.

In such approach, the main equations are derived in terms of deterministic values

after many simplifications of the One-Speed Diffusion Equation, which are also a

simplification of the Boltzmann equation. The current work aims to obtain simi-

lar results, in terms of the Branching Processes Theory PÁZSIT e PÁL (2007) at

Chapter 4 and validate results using a Branching Monte Carlo Algorithm.

Equation 1.1 might be seen as an indexing equation. Each new neutron on the

right side is linked to the neutron on the left side. If a neutron on the left side has

index i , we will say that neutrons on the right side have index i + 1. The index i

will be called Generation and the sum of all neutrons with index i+1 composes the

Generation’s Population.

1



As it is known from Nuclear Physics KAPLAN (1977) and will be explored at

Chapter 6, the number of new neutrons from each nuclear reaction is a random

variable with distribution that changes with the fissile nucleus. The sum of all Kj
i

new neutrons generated by each neutron j in a generation is therefore a stochastic

process indexed on the non-negative integers {Zi}i∈{1,2,3,...,}, with Z0 = 1

Zi+1 =

Zi∑
j=1

Ki
j (1.2)

All reactions happen at some instant of time and therefore all neutrons can

be indexed also on the time. A process where neutrons are indexed only by its

generation or any measure of time will be called one-point process. The collection

of neutrons defines a Branching Tree and their indexation on generation, birth-time

and death-time are called respectively Generation-Tree, Birth-Time-Tree, Death-

Time-Tree.

It is obvious that in the one-point process, there is a one-to-one mapping be-

tween these trees. Because of this propriety they are called isomorphic in the sense

of OTTER (1948) and this is what makes possible the relation between them as

described in Chapter 5.

Figure 1.1: Duplicative Process Simulation

The medium where neutron objects are capable to reproduce themselves is called
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Multiplicative Medium. The Multiplicity Probability, the chance of a reaction creat-

ing ν other neutrons is represented by

P (ν = k) = fk (1.3)

such that f0 , f1 and fk for k > 1 are respectively, the probabilities of absorption,

renewal, and multiplication.

Reactions happen in the multiplicative medium at a given rate Q. Mediums with

constant Q are called Homogeneous. This rate is a temporal analog for the spacial

Cross-Section and it can be shown that the relation between them is:

Σv = Q (1.4)

with v representing the neutron velocity. Since the work is focused just on the

one point process, neutrons are not indexed by space position and therefore this

relation will not be used. However, it will be shown at the beginning of Chapter 3

that the probability of first interaction in time follows an exponential distribution

just like the probability of first interaction in space.

The medium is fully defined by the set of parameters Q, fk, k ∈ Z and it will be

called Infinite if all the birth and death processes happen inside the medium.

A stochastical approach to the neutron population problem in a medium can

be done in therms of the stochastical calculus OKSENDAL (2013), EVANS (2012)

LE GALL (2016) such that the neutron population N(t) is described by the stochas-

tical equation

dN(t)

dt
= kN(t) + dW (1.5)

such that k is the neutron reproduction number DUDERSTADT e HAMILTON

(1976) and dW is a noise term which represents the random nature of neutron

reproduction dynamics. Such approach is however connected to another probabilistic

approach centered in Fokker-Plank Equations TATARI et al. (2007) , PAVLIOTIS

(2016), BRÉMAUD (2020), GRASMAN et al. (1999). The Fokker-Plank approach

is the core of the current work modeling and is mainly focused in the description of

the time evolution of the conditional probability
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P (n(t) = n|n(t0) = 1) = p(n, t|1, t0) (1.6)

The probability p(n, t|1, t0) represents the probability of finding n neutrons at

time t in the medium given that at time t0 there was 1 single neutron. However,

if the process is Homogeneous in Time, the probability p(n, t|1, t0) depends only on

the time difference, t− t0 and in this sense, we can take t0 = 0. This being said, we

may also write

P (n(t) = n|n(0) = 1) = pn(t) (1.7)

Chapter 2 makes characterization of the so called Generation Function in terms

of probabilities pn and analyses its basic proprieties.

Chapter 3 characterizes the branching process in terms of the generation function

and study its behavior and proprieties through two special kind of one-point pro-

cesses: The Galton-Watson Processes and the Time Continuous Processes. From

the first process, the basic Iterates Theorem is proved and it is used to compute

probabilities thought the generations. A special attention is given to the so-called

extinction probability p0 due to its relation with nuclear criticality. Populations ex-

pectations are derived naturally from the theory. From the second process, basic

Kolmogorov Equations are derived and solved. Markovian arguments are presented

for proving the time-version of the iterates theorem.

Chapter 4 presents a two-particle time-continuous model for prompt and de-

layed particles chain and makes use of results and mathematical constructions from

Chapter 2 and Chapter 3 for deduction of expectations and variances for prompt

and delayed particles populations.

Chapter 5 presents the Generator Project and how it is used for validating equa-

tions from Chapter 3 and Chapter 4. A numerical analysis is done by making use

of basic results in the probability theory. The algorithm’s truncation error is illus-

trated by the Pseudo Catastrophe Phenomena, followed by a brief description of the

ROOT library and CMake software.

Chapter 6 presents a set of experimental works from Nuclear Physics which are

focused on calculations of Multiplicity Probabilities that are input for Monte-Carlo

Branching Algorithms.
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Chapter 7 shows validations of equations from Chapter 3 and Chapter 4 with

the Monte-Carlo Branching Algorithm.
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Chapter 2

The Generation Function and its

Proprieties

The generation function is a central mathematical object in the modelling of the

current problem. It is a class of analytical function such that orthogonal polynomials

appears as coefficients in power series expansion.

G(x, r) =
∞∑
n=0

Pn(x)r
n (2.1)

As a matter of example, Legendre polynomials defined by Rodrigues formula:

Pn(x) =
1

2nn!

dn

dxn
(x2 − 1), n = 0, 1, 2, ... (2.2)

have the following generating function KREIDER (1966)

G(x, r) =
1

(1− 2xr + r2)1/2
(2.3)

which obeys the relation

(1− 2xr + r2)
∂G

∂r
+ (r − x)G = 0 (2.4)

and recurrence formula

(n+ 1)Pn+1(x)− (2n+ 1)xPn(x) + nPn(x) = 0, n = 0, 1, 2, ... (2.5)

Another example are Laguerre polynomials as found in LEBEDEV
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Lα
n(x) = ex

−xα

n!

dn

dxn
(e−xxn+α) (2.6)

with generating function

G(x, r) =
1

(1− r)1+α
exp

(
−rx
1− r

)
(2.7)

which satisfies the equation

(1− r2)
∂G

∂t
+ [x− (1− r)(1 + α)]G = 0 (2.8)

and recurrence formula:

Pn+1(x) + (2n+ 1− x)Pn(x) + n2Pn−1 = 0 (2.9)

The current work is focused on the study of a generation function for a random

variable Z. We shall say:

Definition 1. A random variable Z has generation function described by

f(s) =
∞∑
k=0

pks
k, |s| ≤ 1 (2.10)

where pk is defined as the probability that the variable Z assumes value k. 1

Definition 2. A random variable Z has k-th factorial moment given by

mj =
∞∑
k=j

j−1∏
i=0

(k − i)pk (2.11)

and represents the Expectation

mj = E [Z(Z − 1) . . . (Z − j + 1)]

Definition 3. The first momentum, or Expectation, of the random variable Z is

given by

E[Z] = f ′(1) =
∞∑
k=0

kpk1
k−1 (2.12)

1It might be natural to ask if it is required s to be real. Indeed it is not strictly necessary.

Many authors start by defining the generation function as a complex as done by ATHREYA et al.

(2004).
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Lemma 2.0.1. The Variance of the random variable Z is given by

D2[Z] = E[Z2]− E[Z]2 = m2 +m1 −m2
1 (2.13)

Theorem 2.0.2. Let X and Y be two non-negative independent random variables

with generation function:

fX(s) =
∞∑
k=0

xks
k

fY (s) =
∞∑
k=0

yks
k

Then:

fX+Y (s) = fX(s)fY (s)

With expectation:

E[X + Y ] = E[X] + E[Y ]

Proof. Noticing that

fX(s)fY (s) =
∞∑
k=0

xryk−rs
k

If the variables are independent, then:

P (X + Y = k) =
k∑

r=0

xryk−r

Therefore:

fX+Y (s) = fX(s)fY (s)

Also by the product rule:

dfX+Y (s)

ds

∣∣∣∣
s=1

=
dfX(s)

ds
fY (s)

∣∣∣∣
s=1

+
dfY (s)

ds
fX(s)

∣∣∣∣
s=1

Since fY (1) = fX(1) = 1,

E[X + Y ] = E[X] + E[Y ]

In a more general fashion these results can be also obtained in terms of convo-

lution of numerical sequences as showed in FELLER (1967)
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Definition 4. Let {xk} and {yk} be any two numerical sequences. The new sequence

{wr} given by

wr =
r∑

j=0

xjyj−r

will be denoted by

wk = xk ∗ yk

Lemma 2.0.3. If {xk} and {yk} are random and mutually independent sequences

associated with the random variable X and Y respectively, with generation functions:

fX(s) =
∑

xks
k

fY (s) =
∑

yks
k

then the variable W = X + Y has convolution and generation functions:

{wk} = {xk} ∗ {yk}

fW (s) = fX(s)fY (s)

Two random variables have a common generation function if they are generated

with the same probability distribution. This is a useful concept on the branching

processes since objects are born with probability distribution inherited by their

parents. In mathematical words:

Lemma 2.0.4. If {ak} is the probability distribution of the variable A with gen-

eration function fA(s), then the sum variable SN =
∑N

i=1Ai will be noted by the

nth-convolution with itself:

{SN} =
N∏
i

{ak}i = {ak}N∗

Since all Ai have common generation function, it is possible to write

fSN
(s) =

∞∑
j=0

{ak}N∗sj = fA(s)
N

It might be interesting to know now the probability distribution fSN
(s), if the

variable N is also a random variable. This motivates the next theorem:
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Theorem 2.0.5. Let there N and X be two random variables with generation func-

tion respectively:

g(s) =
∞∑
n=0

gns
n

f(s) =
∞∑
n=0

fns
n

Then, the generation function of the sum SN =
∑N

i=1 Xi is the compound function

h(s) = g ◦ f(s)

Proof. The variable SN = j happens by two independent ways:

• First, the variable N assumes value n with probability:

P (N = n) = gn

• Second, the variable
∑n

i=1Xi assumes value j with probability:

P (
n∑

i=1

Xi = j) = {fj}n∗

This way

P (SN = j) =
∞∑
n=0

P (N = n)P (
n∑

i=1

Xi = j)

P (SN = j) =
∞∑
n=0

gn{fj}n∗

The generation function of Sn is therefore:

h(s) =
∞∑
j=0

P (Sn = j)sj =
∞∑
j=0

∞∑
n=0

gn{fj}n∗sj =
∞∑
n=0

gnf(s)
n

h(s) = g ◦ f(s)
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Chapter 3

The Branching Process

The Theory of the Branching Processes rises from the solution proposed by

ReverendWatson to a problem posed in the Educational Times by Sir Francis Galton

in 1873, about the ”problem of the extinction of families”.

The model has a great applicability on many branches of science such as in

Demography, Genetics in the study of propagation of genes through the generations,

Evolution Theory in the study of survival species on time, Epidemiology, and even

in Economics EPPS (1996).

The reason behind this wide applicability in a mathematical sense, is related

to their enumerable nature. The current chapter aims to study the propagation of

neutrons through basic enumerable sets -time and generation.

A first mathematical characterization of neutron replication will be made in

terms of generation functions.

Definition 5. The series of multiplicity coefficients {fk} of variable Z define the

Basic Generation Function

q(z) =
∞∑
k=0

fkz
k (3.1)

with first momentum, or expectation

E[Z] = q1 =
∞∑
k=0

kpk−1
k (3.2)

and variance

D2 [Z] = σ2
1 = E[Z2]− E [Z]2 (3.3)

=
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The first momentum q1 represents the average number of neutrons emitted in

a reaction. It has strong resemblance with the Basic Reproduction Number R0

found in Epidemiology. In this chapter it will be shown that q1 defines the system’s

asymptotic behavior just like R0 does in epidemiology case as studied at ROBERTY

e ARAUJO (2021).

As it will be shown, in a Branching Process, the process either explodes or will

be extinct, that is, the population go to 0 at some instant of time or generation. The

probability which the process goes asymptotically to 0 is called extinction probability

and is its calculation for the ”problem of the extinction of families” was the initial

motivation of the theory.

During this chapter, basic questions will be answered. How does the probability

pn of finding n neutrons propagate through the time t or generations n? Is it possible

to construct stability conditions based on the initial average number of neutrons q1?

Is there any relation between the extinction probability and the average number of

numbers emitted?

3.1 The Galton-Watson Process

The Galton-Watson process is a branching process such that the random variable

Zn is indexed in the non-negative integers n ∈ {0, 1, 2, . . . }. Here, in the nuclear

context, Zn represents the population of neutron objects at a generation n. Each

neutron at generation n produces a random number of additional neutron particles

which will compose generation n+ 1. Mathematically

Zn+1 =
Zn∑
j=1

Kj (3.4)

Kj ∼ {fk} (3.5)

such that {fk} is the discrete multiplicity distribution of the number of created

or emitted neutrons Kj. In such representation, it is clear that the population from

generations n+1 only depends on generations n, what configure a Markov Process .

From the work of HARRIS et al. (1963), a process is called Galton-Watson Process

if the following hypothesis hold:
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Hypothesis 1. ”If the size of the n-th generation is known, then the probability law

governing later generations does not depend on the sizes of generations preceding the

n-th; in other words, Z1, Z2, ... form a Markov chain. We shall nearly always make

the additional assumption that the transition probabilities for the chain do not vary

with time”

Hypothesis 2. ”The number of children born to an object does not depend on how

many other objects are present.”

The first hypothesis is particularity valid for the scenario where the number of

fissile nuclides is much bigger then the number of neutrons in the reaction. It is

not valid therefore, at the end of the fuel burnup where the Markovian hypothesis

doesn’t hold.

The second hypotheses is also valid since the multiplicity probabilities {fk} de-

pend only on the kind of nuclide that the incident neutron interacts with. Let there

be

Definition 6. The generation function of the neutron population Zn, n ∈

{0, 1, 2, · · · } is given by

g(s, n) =
∞∑
k=0

pk(n)s
k (3.6)

such that pk(n) represents the probability of finding k neutrons at generation n

If there is one single neutron initially Z0 = 1,

g(s, 0) = s

From definition it is clear that the population’s probability distribution at the

first generation is

g(s, 1) = q(s)

For the second generation, the number of neutrons Z2 is the sum of Z1 mutually

independent random variables, each with generation function q(s). This way, by the

Theorem 2.0.5, the generation function for the second generation is
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g(s, 2) = q ◦ q(s)

In a more general fashion, Zn+1 is the sum of Z1 random variables each having

generating function g(s, n). This is the demonstration of the Iterates Theorem as

done in FELLER (1967)

Theorem 3.1.1. The generation function of the variable Zn is given by

g(s, n+ 1) = q ◦ g(s, n)

Another version of the Iterates Theorem was initially derived by Watson and its

demonstration can be found in HARRIS et al. (1963) and ATHREYA et al. (2004)

Theorem 3.1.2. The generation function of the variable Zn is given by

g(s, n+ 1) = g(q(s), n)

Proof. It is easy to see that

pk(n+ 1) =
∞∑
j=0

pj(n){fk}j

such that {fk}k is the convolution as presented in 2.0.3. This way

∞∑
k=0

pk(n+ 1)sk =
∞∑
k=0

∞∑
j=0

pj(n){fk}jsk =
∞∑
k=0

pk(n)q(s)
k = g(q(s), n)

Recalling Definition 3, the expectation of variable Zn can be defined in terms of

the generation function

Definition 7. The first momentum, or Expectation of the random variable Zn is

given by

E[Zn] = qn =
dg(s, n)

ds

∣∣∣∣
s=1

=
∞∑
k=0

kpk(n) (3.7)

with variance

D2 [Zn] =
d2g(s, n)

ds2

∣∣∣∣
s=1

+ q1 − q21 (3.8)
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The previous definition together with Theorem 3.1.1 are useful for computing

expectations and variances through the generations

E[Zn+1] =
dg(s, n+ 1)

ds

∣∣∣∣
s=1

=
d

ds
(q(g(s, n)))

∣∣∣∣
s=1

E[Zn+1] =

(
∞∑
k=1

kfkg(s, n)
k−1

)∣∣∣∣
s=1

(
dg(s, n)

ds

) ∣∣∣∣
s=1

D2 [Zn+1] =
d2g(s, n+ 1)

ds2

∣∣∣∣
s=1

=
d2

ds2
(q(g(s, n)))

∣∣∣∣
s=1

D2 [Zn+1] =

(
∞∑
k=2

k(k − 1)fkg(s, n)
k−2

)∣∣∣∣
s=1

(
dg(s, n)

ds

)2 ∣∣∣∣
s=1

+(
∞∑
k=1

kfkg(s, n)
k−1

)∣∣∣∣
s=1

(
d2g(s, n)

ds2

) ∣∣∣∣
s=1

+ q1 − q21

Since by construction g(1, n) =
∑∞

k pk(n) = 1, it follows the theorem

Theorem 3.1.3. The expectation of the random variable Zn+1 is given by

E[Zn+1] = qn+1 = q1qn (3.9)

More generally

qn+1 = qn+1
1 (3.10)

Also, the variance is given by

D2[Zn+1] =


σ2
1q

n
1 (q

n+1
1 −1)

(q1−1)
if q1 ̸= 1

(n+ 1)σ2
1 if q1 = 1

(3.11)

From the previous theorem, it is possible o observe that q1 has a fundamental

role in characterization of the process and motivates the following definition

Definition 8. If q1 < 1, then qn+1 < qn and therefore, the sequence {qj}j∈N is

decreasing. The process shall be called subcritical.

If q1 = 1, then qn+1 = qn = 1 . The process shall be called critical .

If q1 > 1, then qn+1 > qn and therefore, the sequence {qj}j∈N is increasing. A

medium with q1 > 1 shall be called supercritical .
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The above definition allows for the description of the process in terms of conver-

gent and non-convergent sequences. However, it might seem natural that the same

characterization can also be made in probabilistic terms of extinction probabilities,

where we seek a mathematical construction such that if the process is subcritical,

then:

p0 = lim
n→∞

P (Zn = 0) = 1

,if the process is supercritical, then:

p0 = lim
n→∞

P (Zn = 0) < 1

Indeed this intuitive idea may be found at FELLER (1967) and a brief introduc-

tion will be given. Let xn be extinction probability at the nth generation:

xn = P (Xn = 0) = g(0, n)

First, we note:

q(xn) > xn

Using the Theorem 3.1.1 we have:

xn = g(0, n) = q ◦ g(0, n− 1) = q(xn−1)

Therefore:

xn+1 = q(xn) > xn = q(xn−1) (3.12)

Since the sequence {xn} is on the interval [0, 1], it follows that the sequence will

monotonically increase to a number ξ such that:

ξ = q(ξ), (3.13)

where xn tends to the smallest positive root. If the graph of q(s) is convex, it

will intersect with the curve y = s in at most two points. It is clear that the point

(1, 1) is one of these. The other root therefore, is on the domain 0 < ξ < 1. It

follows that such root can exists only if q′(1) > 1 since if q′(1) ≤ 1 then

1− q(s)

1− s
< 1 ∀s < 1
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This implies q(s) > 1 and therefore, the graph of q(s) lies under the bisector

y = s. We have proved the following theorem from FELLER (1967):

Figure 3.1: Test 1 from A.2 for q1 = 0.95 Figure 3.2: Test 2 from A.2 for q1 = 1

Figure 3.3: Test 3 from A.2 for q1 = 1.05 Figure 3.4: Solution for Test 1,2 and 3

Theorem 3.1.4. If q1 ≤ 1, then the probability tends to one that the process will

terminate before the nth generation( that is, Xn = 0 ). If q1 > 1, then there exists

a unique root ξ < 1 of 3.13 and ξ is the limit of the probability that the process

terminates after finitely many generations.

The previous theorem allows the lemma

Lemma 3.1.5. The Galton Watson Process is unstable, that is, the population Zn

either extincts with probability p0 = 1 in subcritical and critical cases, or increases

exponentially in supercritical cases.

Also, from equation 3.12, we have the lemma

Lemma 3.1.6. The probability p0(n) is always increasing in the generations

p0(n) < p0(n+ 1) (3.14)
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Remark 1. Theorem 3.1.4 in a first moment, fulfill our initial intuitions about the

extinction probability in subcritical and supercritical situations. However, it is not

intuitive that the extinction probability goes to 1 on critical situations even though

the expected value for the populations goes to 1 on the same regime as shown before.

Probabilities pk(t) can be computed by using theorem 3.1.1. In the case of

p0(n), p1(n) and p2(n), we have:

g(s, n+ 1) =
∞∑
k=0

fkg(s, n)
k (3.15)

Since:

pk(n+ 1) =
dkg(s, n+ 1)

dsk

∣∣∣∣
s=0

1

k!
(3.16)

and

dg(s, n+ 1)

ds
=

∞∑
k=1

kfkg(s, n)
k−1dg(s, n)

ds
(3.17)

d2g(s, n+ 1)

ds2
=

∞∑
k=2

k(k − 1)fkg(s, n)
k−2

(
dg(s, n)

ds

)2

+
∞∑
k=1

kfkg(s, n)
k−1d

2g(s, n)

ds2

(3.18)

One has the basic relations

p0(n+ 1) = g(0, n+ 1) =
∞∑
k=0

fkp0(n)
k (3.19)

p1(n+ 1) =
∞∑
k=1

kfkp0(n)
k−1p1(n) (3.20)

p2(n+ 1) =
∞∑
k=2

1

2
k(k − 1)fkp0(n)

k−2p1(n)
2 +

∞∑
k=1

kfkp0(n)
k−1p2(n) (3.21)

with initial condition

pk(0) =

1 if k=1

0 otherwise

(3.22)
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Figure 3.5: First three probability’s evolution through generations for subcritical

and critical regimes

Equation 3.13 can be solved using fix-point root solvers such as exposed in the

book PRESS et al. (2007) and compared with asymptotic values of Equation 3.19.

An implementation in C++ for test cases from Table A.1, gives the following set of

extinction probabilities

Table 3.1: Extinction Probabilities

Probability
Case 1 Case 2 Case 3

p0(∞) 1 1 0.8

p0(350) 0.999 0.988 0.799

3.2 Time-Continue Branching Process

Every neutron lives on the interval [tbirth, tdeath] such that tbirth and tdeath are

random variables. A neutron dies when a reaction takes place with the birth of

new neutrons or its absorption. The parameter which controls the reactions rate is
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the Reaction Intensity parameter Q and in the current work, it shall be constant in

time. 1.

Let the random variable τ be the interval of time that a neutron reacts. It is

obvious that τ > t only if there is no reaction at each sub-interval δt = t
N

with

N ∈ {1, 2, 3, ...}.

In mathematical words, the probability of no reaction taking place at interval t
N

is:

P (τ > δt) = (1−Qδt) =

(
1−Q

t

N

)
(3.23)

A reaction doesn’t take place only if no reaction happen at any of the N time

intervals. The probability of such event is

P (τ > t) =

(
1−Q

t

N

)N

(3.24)

Since variable N was just an auxiliary variable for partitioning the time, if is

taken N to the limit, one will find the well-know probability density of first collision

on time:

P (τ > t) = lim
N→∞

(
1−Q

t

N

)N

= e−Qt (3.25)

This is a very standard result and can be found in many classical books of reactor

physics DUDERSTADT e HAMILTON (1976). The first interesting property of the

previous formula is its memory-less property. The probability of no reaction taking

place at t1 given that no reaction happened at t2 such that t1 > t2 , is given by:

P (τ > t1|τ > t2) = e−Q(t1−t2) (3.26)

The previous equation says that only information after t2 is considered. This

is a direct consequence of the argument that probabilities at each time interval are

independent between each other.

A rigorous mathematical description of the Independence concept is shown in

the work ANDREI (1950) where the following definitions may be found

1Processes with a constant first-reaction parameter are also called Poisson point process

FELLER (1967)

20



Definition 9. The system Θ of the sets θi forms a decomposition of the set E if:

θ1 + θ2 + ...+ θN = E

Also:

Definition 10. Events θi are mutually independent, if the decomposition:

E = θk + θ̄k (k = 1, 2, . . . , n)

are independent.

Such decomposition is very useful on the branching process mathematical de-

scription since it is possible to assign a probability measure for each event, and this

way, if events are mutually independent, one have

P (E) =
N∑
i=1

P (θi) (3.27)

A Probabilistic Modelling consists on finding systems of sets for the event E =

(n(t) = n|n(0) = 1), such that n(t) represents the number of neutrons at an instant

of time t.

The event’s E probability distribution at time t shall be represented by making

use of the predefined generation function

g(s, t) =
∞∑
n=0

pn(t)z
n (3.28)

With initial condition:

g(z, 0) = z (3.29)

Here pn(t) represents the probability of finding n neutrons at instant of time t

and the modelling is focused on finding a system of mutually independent sets in

such a way that probabilities pn(t) form an orthogonal set of functions

∫ ∞

0

pm(t)pn(t)dt = 0, m ̸= n (3.30)
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3.2.1 The One-Point Kolmogorov Equations

As mentioned before, the probabilistic modelling constitutes on assigning a prob-

ability measure for an event E based on a system of sets θi ∈ Θ. Besides, in a

Branching Process modeling, it is common that each θi is an enumerable composi-

tion of other more fundamental mutually exclusive sets. This way, computing the

probability measure of an event E becomes a matter of combinatorial analysis un-

der all the possible states ω ∈ Ω that the system may have. The work from Paszit

PÁZSIT e PÁL (2007) gives a first system:

E(n(t) = n|n(0) = 1) = θ1(ω) ∪
⋃
ω∈Ω

(θ2(ω) ∩ θ3(ω) ∩ θ4(ω)) (3.31)

The state ω is determined by the pair (t, k) such that t is the time and k is the

number of new neutrons created in the system. Also sets θi(ω) are :

• θ1(ω) : ”The unique particle in the medium at instant t = 0 does not react

with any other nuclide until time t and thus the number of particles will be 1

at time t”

• θ2(ω) : ” The unique particle in the medium at instant t = 0 reacts with the

nuclide at time t at some interval (t′, t′ + dt′] of the interval (0, t]”

• θ3(ω) : ”Given that a reaction took place k new neutrons are created”

• θ4(ω) : ” Given that k new neutrons were created the same reacts in such a

way that generate n new neutrons in the interval (t− t′).”

Mathematically:

P (θ1(ω)) = e−Qt (3.32)

P (θ2(ω)) = Qe−Qtdt′ (3.33)

P (θ3(ω)) = fk (3.34)
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P (θ4(ω)) =
k∏

j=1

pnj
(t− t′)

with

k∑
j=1

nj = n (3.35)

For a fixed ω, that is, for a fixed t′ < t and k, one has the obvious expression:

P (E(ω)) = P (θ1(ω)) + P (θ2(ω))P (θ3(ω))P (θ4(ω)) (3.36)

Since:

E =
⋃
ω∈Ω

E(ω) (3.37)

one has:

P (E) =
∑
ω∈Ω

P (E(ω)) (3.38)

pn(t) = e−Qtδn1 +Q

∫ t

0

e−Qt′

[
f0δn0 +

∞∑
k=1

fk
∑

n1+···+nk=n

k∏
j=1

pnj
(t− t′)

]
dt′ (3.39)

Following the same calculations in PÁZSIT e PÁL (2007), one achieves the

Backward Kolmogorov Equation (BKE):

g(z, t) = e−Qtz +Q

∫ t

0

e−Q(t−t′)
∞∑
k=0

fk [g (z, t
′)]

k
dt′ (3.40)

Which has differential form:

∂g(z, t)

∂t
= −Qg(z, t) + Qq[g(z, t)] (3.41)

The work from PÁZSIT e PÁL (2007) also presents another system of sets:

E(n(t+∆t) = n|n(0) = 1) = θ11(ω)θ
2
1(ω) ∪

⋃
ω∈Ω

(θ2(ω) ∩ θ3(ω) ∩ θ4(ω)) (3.42)

Such that:
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• θ11(ω) = ”The system already has n neutrons at time t”

• θ21(ω) = ”None of these n neutrons at time t reacts at the interval ∆t”

• θ2(ω) = ” At least one reaction happens ”

• θ3(ω) = ” The system has n+ 1− k neutrons at time t ”

• θ4(ω) = ”At the interval ∆t, k new neutrons are generated”

Probabilities are given by:

P (θ11(ω)) = pn(t) (3.43)

P (θ21(ω)) = (1− nQ∆t) (3.44)

P (θ2(ω)) = (n− k + 1)Q∆t+ o(∆t) (3.45)

P (θ3(ω)) = pn+1−k(t) (3.46)

P (θ4(ω)) = fk (3.47)

Again, for a fixed ω, one have

P (E(ω)) = P (θ11(ω))P (θ21(ω)) + P (θ2(ω))P (θ3(ω))P (θ4(ω)) (3.48)

Since

E =
⋃
ω∈Ω

E(ω) (3.49)

one have the probabilities

P (E) =
∑
ω∈Ω

P (E(ω)) (3.50)

pn(t+∆t) = pn(t)(1− nQ∆t) +Q∆t

n∑
k=0

(n− k + 1)fkpn−k+1(t) + o(∆t) (3.51)
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Again, following PÁZSIT e PÁL (2007) and taking the limit ∆t→ 0, we derive

the so-called Forward Kolmogorov Equation (FKE)

∂g(z, t)

∂t
= Q[q(z)− z]

∂g(z, t)

∂z
(3.52)

Both, the Backward Kolmogorov Equation (BKE) and the Forward

Kolmogorov Equation (FKE) consist together with the Initial Condition (IC)

on the main equations which describe the system’s probability time evolution.


∂g(z,t)

∂t
= −Qg(z, t) + Qq[g(z, t)] (FKE)

∂g(z,t)
∂t

= Q[q(z)− z]∂g(z,t)
∂z

(BKE)

g(z, 0) = z (IC)

(3.53)

It is known from the theory of differential equations, that solutions from both

equations are identical, and therefore it is sufficient to investigate only one of them.

From the differential form of the BKE and assuming that g(z, t) is C2, then:

∂2

∂t∂z
g(z, t) = −Q∂g(z, t)

∂z
+Q

∂q(g(z, t))

∂g(z, t)

∂g(z, t)

∂z
(3.54)

Recalling the first momentum Definition 3, one have:

∂m1(t)

∂t
= Qm1(t)(q1 − 1) (3.55)

With solution:

m1(t) = m1(0)e
Q(q1−1)t (3.56)

Since:

m1(0) =
∂g(z, 0)

∂z

∣∣∣∣
z=1

= 1 (3.57)

one has:

m(t) = eQ(q1−1)t (3.58)
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Figure 3.6: Expectations for subcritical, critical and supercritical regimes

The variance can also be computed from Lemma 2.0.1

D2[n(t)] =


(
Q q2

q1−1
− 1
)
e(q1−1)

(
e(q1−1)t − 1

)
if q1 ̸= 1

Qq2t if q1 = 1

(3.59)

Figure 3.7: Variance for subcritical and critical regimes
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Figure 3.8: Variance for supercritical regime

Definition 11. The process shall be called:

• Supercritical if q1 > 1 then m1(t)→∞ when t→∞.

• Subcritical if q1 < 1 then m1(t)→ 0 when t→∞.

• Critical if q1 = 1 and Qq2 > 0 then m1(t) = 1 ∀t.

3.2.2 Markovian-Branching Process

A process is called Homogeneous Markovian Process if the transition probability

P (n(t) = j|n(0) = i) = pij(t) (3.60)

holds the following conditions:

pij(t) ≥ 0 ∀i, j ∈ Z and t ∈ T (3.61)

∞∑
j=0

pij = 1 ∀i, j ∈ Z and t ∈ T (3.62)

pij(t) =
∞∑
k=0

pik(u)pkj(t− u), i, j ∈ Z and 0 ≤ u ≤ t, u, t ∈ T (3.63)

pij =

1 if i = j

0 if i ̸= j

(3.64)
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Definition 12. A Markovian Process is called Branching Process if

pkn(t) =
∑

n1+...+nk=n

∏
pnk

(t)

This equation states that the initial state ω0 = (t0, k) targets the state ω1 = (t, n)

in such a way that each neutron generates nk new neutrons in such a way that at

time t, the total number of generated neutrons is n. Mathematically:

n1 + n2 + ...+ nk = k, nk, k ∈ Z (3.65)

Since the event E(n(t) = n|n(t0) = k) is the composition of all possible states,

we shall have the sum of the transition probabilities from state ω0 to ω1 over all

possible solutions of Equation 3.65.

Theorem 3.2.1. The generating function g(z, t) of the probability pn(t) fulfils the

functional equation

g(z, t+ u) = g(g(z, u), t)

Proof. This is a direct consequence of Equation 3.63 also known as Champaman-

Kolmogorov Equation

pn(t+ u) =
∞∑
k=0

pk(t)pkn(u)

From Definition 12:

pkn(u) =
∑

n1+...nk=n

pn1(u)...pnk
(u)

Making a simple substitution, we have:

g(z, t+ u) =
∞∑
k=0

pk(t)
∞∑
n=0

pkn(u)z
n =

∞∑
k=0

pk(g(z, u)
k) = g(g(z, u), t)

The Markovian-Branching process can be seen as an iterative process, with the

generation of further states, as a functional application over the past. Theorem 3.2.1

also can be seen as a Dinamical System Map as defined in HIRSCH et al. (2012).

Lemma 3.2.2. The extinction probability p0(t) is always increasing ∀t ∈ T
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Proof. This can be easily seen by the fact that g(s, t) is always an increasing function

in 0 ≤ s ≤ 1

For an arbitrary small ϵ, we have from the previous theorem

g(0, t+ ϵ) = g(g(0, ϵ)t)

Since, p0(t) = g(0, t), we have

g(0, ϵ) < g(0, t+ ϵ)

p0(t) < p0(t+ ϵ)

3.2.3 The Quadratic Process

We shall now, solve the equation 3.52 for a quadratic process, that is, a process

where the basic generating function is a quadratic polynomial


∂g(z,t)

∂t
= Q[q(z)− z]∂g(z,t)

∂z

q(z) = f0 + f1z + f2z
2

(3.66)

under the initial condition

g(z, 0) = z (3.67)

We first note that equation 3.52 asserts

v · ∇g = 0 (3.68)

such that the vector v = (1,−Q[q(z) − z]) defines the characteristic curves

STRAUSS (2007) with equation

dz

dt
= −Q[q(z)− z] = −Q(f0 + (f1 − 1)z + f2z

2) (3.69)

We have

dz

(f0 + (f1 − 1)z + f2z2)
= −Qdt (3.70)
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Factoring the denominator one has

dz

(z − a)(z − b)
= −Qdt (3.71)

such that

a =
1− f1 +

√
(1− f1)2 − 4f0f2
2f2

(3.72)

and

b =
1− f1 −

√
(1− f1)2 − 4f0f2
2f2

(3.73)

Expressing them in terms of the first and second momentum q1 = f1 + 2f2,

q2 = 2f2, one find

−Q(1− q1)dt = dz

(
1

z − 1− 2(1− q1)/q2
− 1

z − 1

)
(3.74)

Integrating, we finds

z(t) = 1− 2C(z) (1− q1)

q2(eQ(1−q1)t − C(z))
. (3.75)

Since the solution is constant in the characteristics direction, we have

g(z, t) = 1− 2C(z) (1− q1)

q2(eQ(1−q1)t − C(z))
. (3.76)

such that C(z) can be obtained from the initial condition

C(z) =
1− z

1− z + 2(1− q1)/q2
(3.77)

Hence

g(z, t) = 1− 1− z

eQ(1−q1)t + (1− z) q2
2(1−q1)

(eQ(1−q1)t − 1)
if q1 ̸= 1 (3.78)

and

g(z, t) = 1− 1− z

1 + (1− z)q2Qt/2
if q1 = 1 (3.79)

A calculation from PÁZSIT e PÁL (2007) shows that the extinction probability

is given by
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p0(t)

1− e−Q(1−q1)t

1+Qq2U(t)/2
, if q1 ̸= 1,

1− 1
1+Qq2t/2

, if q1 = 1

(3.80)

such that

U(t) =
1− e−Q(1−q1)t

Q(1− q1)
(3.81)

More generally, its shown that

pn(t) = e−Q(1−q1)t
[Qq2U(t)/2]n−1

[1 +Qq2U(t)/2]n+1 , if q1 ̸= 1 (3.82)

and

pn(t) =
(Qq2t/2)

n−1

(1 +Qq2t/2)
n+1 , if q1 = 1 (3.83)

Figure 3.9: Time evolution of first three probabilities for subcritical and critical

regimes

31



Figure 3.10: Time evolution for first three

probabilities for supercritical regime

Here again, it is possible to note the increasing monotonic characteristic of the

extinction probability as demonstrated before by Lemma 3.2.2. It is possible to note

that the extinction probability also goes to p0(t) = 0.80 in Supercritical regime as

shown on the Galton-Waltson Process Chapter.

32



Chapter 4

Process with Prompt and Delayed

Particles

It shall be considered now, a branching process such that two kinds of particles

are allowed. The first kind of particle of type T1 is emitted immediately after a

nuclear reaction in a clear allusion to prompt neutrons. It reacts by creating a

random number of particles of first and second kind of particles. This second kind

of particles type T2 emits a particle of type T1 after a random time, also in a clear

allusion to delayed neutrons

Figure 4.1: Scheme reproduction for par-

ticles of type T1 and T2

Definition 13. The basic generation function is defined as
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q(z1, z2) =
∞∑

k1=0

∞∑
k2=0

f(k1, k2)z
k1
1 zk22 (4.1)

such that f(k1, k2) represents the compound probability of that given a reaction, the

particle of type T1 will generate k1 particles of type T1 and k2 particles of type T2

P (ν1 = k1, ν2 = k2) = f(k1, k2) (4.2)

Definition 14. The probability that there are at time t, n1 particles of type T1 and

n2 particles of type T2 given that at instant t = 0 there were m1 particle of type T1

and m2 particles of type T2 is given by

P (n1(t) = n1, n2(t) = n2|n1(0) = m1, n2(0) = m2) = p(n1, n2, t|m1,m2) (4.3)

Definition 15. The compound generation function is given by

g(z1, z2, t|m,n) =
∞∑

n1=0

∞∑
n2=0

p(n1, n2, t|m,n)zn1
1 zn2

2 (4.4)

and as a matter of notation, it shall be written as

g(z1, z2, t|m,n) = gω(z1, z2, t) (4.5)

such that ω represents the sate (n1(0) = m,n2(0) = n).

As shown in PÁZSIT e PÁL (2007), both particles T1 and T2 are able do develop

a branching process undependable. Mathematically:

p(u1, u2|k1, k2) =
∑

u1+v1=n1

∑
u2+v2=n2

p(u1, u2, t|k1, 0)p(ν1, ν2, t|0, k2) (4.6)

Such that

p(u1, u2, t|k1, 0) =
∑

i1+..ik1=u1

∑
j1+...+jk1=u2

k1∏
l=1

p(il, jl, t|1, 0) (4.7)

p(ν1, ν2, t|0, k2) =
∑

i1+..ik2=ν1

∑
j1+...+jk2=ν2

k2∏
l=1

p(il, jl, t|0, 1) (4.8)

Using the same system of sets presented in Equation 3.31, and together with the

fact that particle T2 decays with exponential distribution
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P (τ > t) = e−λt (4.9)

one has

p(n1, n2|ω1) = e−Qt +Q

∫ t

0

e−Q(t−t′)

(
∞∑

k1=0

∞∑
k2=0

f(k1, k2)p(n1, n2, t
′|k1, k2)

)
dt′

(4.10)

p(n1, n2|ω2) = e−λt + λ

∫ t

0

e−λ(t−t′)p(n1, n2, t
′|1, 0)dt′ (4.11)

such that ω1 and ω2 represent respectively the initial states

ω1 = (k1(0) = 1, k2(0) = 0) (4.12)

ω2 = (k1(0) = 0, k2(0) = 1) (4.13)

and λ is the decay constant rate of the particle T2.

Also, assuming independence between the number ν1 of emitted particles of

type T1 and the number ν2 of emitted particles of type T2 in the reaction, we may

write

q(z1, z2) = q(1)(z1)q
(2)(z2) (4.14)

such that

q(1)(z1) =
∞∑

k1=0

f
(1)
k zk1 (4.15)

q(2)(z2) =
∞∑

k2=0

f
(2)
k zk2 (4.16)

Again, stability conditions can be recalled

• Subcritical if

q
(1)
1 + q

(2)
1 < 1

• Critical if

q
(1)
1 + q

(2)
1 = 1
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• Supercritical if

q
(1)
1 + q

(2)
1 > 1

From equations 4.10 and 4.11 it is possible to derive the system’s Backwards

Kolmogorov Equations (BKE)

gω1(z1, z2, t) = e−Qtz1 +Q

∫ t

0

e−Q(t−t′)
(
q(1)(gω1(z1, z2, t

′))q(2)(gω2(z1, z2, t
′))
)
dt′

(4.17)

gω2(z1, z2, t) = e−λtz2 + λ

∫ t

0

e−λ(t−t′)gω1(z1, z2, t
′)dt′ (4.18)

With differential form

∂gω1(z1, z2, t)

∂t
= −Qgω1(z1, z2, t) + q(1) [gω1(z1, z2, t)] q

(2) [gω2(z1, z2, t)] (4.19)

∂gω2(z1, z2, t)

∂t
= λ(gω1(z1, z2, t)− gω2(z1, z2, t)) (4.20)

such that ω1 and ω2 are given by equation 4.12 and equation 4.13

The expected number of particles of type T1 given that the process started at

states ω1 and ω2 are respectively

Ψω1(t) =
∂gω1(z1, z2, t)

∂z1

∣∣∣∣
z=1,z2=1

(4.21)

Ψω2(t) =
∂gω2(z1, z2, t)

∂z1

∣∣∣∣
z=1,z2=1

(4.22)

Also for T2, one have

Λω1(t) =
∂gω1(z1, z2, t)

∂z2

∣∣∣∣
z=1,z2=1

(4.23)

Λω2(t) =
∂gω2(z1, z2, t)

∂z2

∣∣∣∣
z=1,z2=1

(4.24)

This led to the pair of coupled equations for the expectation

dΨω1(t)

dt
= (q

(1)
1 −Q)Ψω1(t) + q

(2)
1 Ψω2(t) (4.25)
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dΨω2(t)

dt
= λ(Ψω1(t)−Ψω2(t)) (4.26)

dΛω1(t)

dt
= (q

(1)
1 −Q)Λω1(t) + q

(2)
1 Λω2(t) (4.27)

dΛω2(t))

dt
= λ(Λω1(t)− Λω2(t)) (4.28)

with initial conditions

Ψω1(0) = 1 (4.29)

Ψω2(0) = 0 (4.30)

Λω1(0) = 0 (4.31)

Λω2(t) = 1 (4.32)

It can be easily solved as follows. From Equation 4.28, it is possible to write

Ψω1(t) =
1

λ

dΨω2(t)

dt
+Ψω2(t) (4.33)

Also, by differentiating with respect to t

d2Ψω2(t)

dt2
+ λ

dΨω2(t)

dt
− λ

dΨω1(t)

dt
= 0 (4.34)

Substituting Equation 4.33 in Equation 4.27, one has

dΨω1(t)

dt
=

(
q
(1)
1 −Q

λ

)
dΨω2(t)

dt
+ (q

(1)
1 + q

(2)
1 −Q)Ψω2(t) (4.35)

Again, substituting equation 4.35 in equation 4.34, one has

d2Ψω2(t)

dt2
+
(
λ− q

(1)
1 +Q

) dΨω2(t)

dt
− λ(q

(1)
1 + q

(2)
1 −Q)Ψω2(t) = 0 (4.36)

The solution has the form
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Ψω2(t) = Aexp(α1t) +Bexp(α2t) (4.37)

such that α1,2 are the roots of the characteristic polynomial associated with

equation 4.36

α1,2 =
−(λ− q

(1)
1 +Q)±

√
(λ− q

(1)
1 +Q)2 + 4λ(q

(1)
1 + q

(2)
1 −Q)

2
(4.38)

and A and B are obtained by applying the Initial Conditions 4.29 and 4.30

A+B = 0 (4.39)

Aα1 +Bα2 = λ (4.40)

Therefore

A =
λ

α1 − α2

(4.41)

Analogously, for particle’s T2 expectation, one has

d2Λω2(t)

dt2
+
(
λ− q

(1)
1 +Q

) dΛω2(t)

dt
0− λ(q

(1)
1 + q

(2)
1 −Q)Λω2(t) = 0 (4.42)

Λω1(t) =
1

λ

dΛω2(t)

dt
+ Λω2(t) (4.43)

with the same characteristic roots α1,2 from equation 4.38 but with different

multiplicative constants

Λω2(t) = Cexp(α1t) +D exp(α2t) (4.44)

The multiplicative constants are given by the initial conditions

C +D = 1 (4.45)

Cα1 +Dα2 = −λ (4.46)
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Solutions are given therefore by



Ψω2 =

(
λ

α1 − α2

)
exp(α1t)−

(
λ

α1 − α2

)
exp(α2t)

Ψω1 =

(
α1 + λ

α1 − α2

)
exp(α1t)−

(
α2 + λ

α1 − α2

)
exp(α2t)

Λω2(t) =

(
− α2 + λ

α1 − α2

)
exp(α1t) +

(
α1 + λ

α1 − α2

)
exp(α2t)

Λω1(t) =

(
α1 + λ

α1 − α2

)(α2

λ
+ 1
)
exp(α2t)−

(
α2 + λ

α1 − α2

)(α1

λ
+ 1
)
exp(α1t)

(4.47)

4.1 Subcritical

Figure 4.2: Expectations Ψ(t) and Λ(t) for the system starting at states ω1 and ω2

for subcritical regime

Figure 4.3: Total expectation Ψ(t) and Λ(t) for subcritical regime
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4.2 Critical

Figure 4.4: Expectations Ψ(t) and Λ(t) for the system starting at states ω1 and ω2

for critical regime

Figure 4.5: Total expectation Ψ(t) and Λ(t) for critical regime
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4.3 Supercritical

Figure 4.6: Expectations Ψ(t) and Λ(t) for the system starting at states ω1 and ω2

for supercritical regime

Figure 4.7: Total expectation Ψ(t) and Λ(t) for supercritical regime
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Chapter 5

The Generator Project

The current chapter aims to simulate a branching process using Monte Carlo

techniques. Each particle is characterized by random attributes and has the ability

to generate additional particles that likewise possess random attributes. Particles

which generate others, for purpose of this work are called ”fathers” and created

ones are called ”sons”. Each particle except the first one has a father, and they are

constructed based on father attributes by a building function.

Φ(Nfather)→ {N 1
son,N 2

son, ...,N 3
son} (5.1)

The building function Φ(.) operates particles based in a set of choice functions

together with an offspring probability U , and its successive iteration generates the

branching tree.

Figure 5.1: Branching Process simulation for duplicative scenario

Such algorithm is therefore dynamic in contrast with classical static Monte Carlo
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algorithms that can be easily found in LUX (2018) for particle transport. It also has

the advantage of not demanding any theoretical model for simulation since it takes

only the composition of fundamental event schemes. This may be very interesting

in situations such that fundamental equations are not applicable as in the case of

systems that particles randomly vary in time PÁZSIT e PÁL (2007) PÁZSIT et al.

(2017) . In such systems it is shown that the Forward Kolmogorov Equation 3.52 is

not applicable.

Another great advantage is the possibility of applications in situations that the

theoretical model can become rather complicated such as in the case of process with

Prompt and Delayed born particles with more than two kinds of particles.

Since the algorithm simulates particle by particle, it may seem that a big amount

of them is necessary since Avogadro’s constant has the order of 1023. This is not true.

As it will be shown, population expectations and probabilities can be calculated with

a smaller number of particles particles.

However, although the number of particles necessary for simulation is not tremen-

dously big, high computing performance is demanded since simulations are done

many times for probabilities computing. It is in this context, that the Generator

Project rises as a set of branching algorithm trees implemented in C++. The project

makes great use of the C++ ROOT library developed by CERN ROO

5.1 The Galton-Watson Branching Algorithm

A neutron particle N j is represented in a simulation, by the set of the following

attributes

• j - Index

• N j - Generation

• Kj - Offspring size

• U j - Offspring probability distribution

A particle is called well defined when all its attributes are assigned. For compu-

tational purposes, the basic generation function shall be always a finite sum
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q(z) =
M∑
k=0

fks
k, (5.2)

such that M represents the maximum offspring size. The offspring probability

distribution for the particle N j is given by the vector

U j = (f j
1 , f

j
2 , f

j
3 , ..., f

j
M) (5.3)

Each neutron particle N j produces a random number Kj of other particles based

in a sampling function S1 : [0, 1]→ N given an offspring probability distribution U j

Kj = S1(ξ) (5.4)

Such a sampling function can be constructed following DUDERSTADT e MAR-

TIN (1979) or LUX (2018). Given an uniform distributed random number ξ one

shall take the first Kj such that

Kj−1∑
i=0

f j
i < ξ <

Kj∑
i=0

f j
i (5.5)

Since,

M∑
i=0

f j
i = 1 (5.6)

such sampling function represents taking the interval which contains the variable

ξ in the partitioned interval [0, 1] by the probabilities f j
k as illustrated in the figure.

Figure 5.2: Interval Partition

Because of Hypothesis 2 for Galton-Waltson Processes, Kj is not related with

past or the future of the process. It will be therefore a Terminal attribute.

Offspring particles are indexed by the relation

44



j′k = k +

j−1∑
i=0

Ki, k ∈ {1, 2, . . . , Kj} (5.7)

The sum
∑j−1

i=0 Ki represents the amount of all neutrons spawned in the simula-

tion before the particle N j. Also k represents the order of the ”son” particle relative

to his ”brothers” that is, particles with the same father. If k = 1 then the particle is

the first ”son”, if k = 2 he is the second and so on. Since the index variable j drifts

information from the past of the process until a given iteration, it will be called

Forward Attribute. The generation variable N j is another kind of Forward Attribute

and is given by

N j′k = N j + 1 (5.8)

This way, a natural definition suggests by itself:

Definition 16. Particles with same value N j composes a generation.

The operator Φ(.) suggests the existence of two possible states of particles during

the simulation

Definition 17. Particles operated by Φ(.) are called defined and the offspring re-

sulted from the operation are called built.

Definition 18. An iteration j at particle N j means that N j is the last defined

particle in the simulation. All particles N i, i > j are built.

A Branching Tree is constructed by iterating the function Φ(.) over the particles

in a successive sequence, until the end of the process.

Definition 19. A Tree is the set of all spawned particles and it is called dead if all

particles are defined.

With all these definitions, the following theorem rises

Theorem 5.1.1. For a given iteration j of the operator Φ(.) under particle N j, the

difference between generations of any built particle and N j is never greater than one

N i −N j ≤ 1, ∀j < i

Because of this, we shall say that particles are naturally indexed on the generations
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Proof. We shall prove by absurd. If there is a particle N i at generation N j + 2

then its father is a defined particle and has generation N j +1. This contradicts the

hypotheses that iteration happens under particle N j with generation N j.

The last theorem essentially states that the computational construction of par-

ticles follows the generation’s evolution, that is, a particle from generation N + 2

can appear in the simulation only if all particles from generation N are determined.

This can be exemplified in the case of the duplicative scenario

p0 = 0, p1 = 0, p2 = 1

Figure 5.3: Duplicative Scenario Example

In this example, the simulation stops at particle 6, that is, when particle 6 is

defined, no further iterations are made and a ”hole” is created due to absence of

particles 14 and 15 which would be particle’s 7 sons. It is possible to see that

Z3 = 6 instead of Z3 = 23. This difference is the main source of errors in Branching

Algorithms and they are typical on supercritical situations. Because of this, it is

possible to state

Lemma 5.1.2. In a generation indexation ”holes”, that is, lack of particles due to

simulation truncation, only appears on the last generation
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The operator Φ(.) builds each particle’s offspring by the set of relations

Kj = S1(ξ) (5.9)

j′k = k +

j−1∑
i=0

Ki, k ∈ {1, 2, . . . , Kj} (5.10)

N j′k = N j + 1 (5.11)

For homogeneous mediums, one have the hypothesis

U j′k = U j = U1 (5.12)

such that

U1 = (f 1
0 , f

1
1 , f

1
2 , ..., f

1
M) (5.13)

5.2 The Time-Continuous Branching Algorithm

The previous section showed how the Generation parameter is somehow a simu-

lation’s measure of evolution. However, this is not an observable quantity in nuclear

reaction chains, and therefore, they don’t have experimental value. Time is by other

hand, a more suitable quantity since every particle is born and dies at some instant

of time.

The work from PÁZSIT e PÁL (2007) suggest an algorithm for time evolution

of probabilities pn(t) based in a discretization of the Backwards Kolmogorov

Equation 3.41

pn(j) = (1−W )pn(j − 1) +Wf0δnn +W
∞∑
k=1

fk
∑

n1+···+nk=n

k∏
i=1

pni
(j − 1). (5.14)

Such algorithm however leads to a biased probability distribution since it sup-

poses the validity of the Backwards Kolmogorov Equation 3.41.

The current chapter aims to introduce the time degree of freedom. This way, the

particle is characterized by the set of attributes
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• j - Index

• N j - Generation

• Kj - Offspring size

• U j - Offspring probability distribution

• T j
bth - Instant of Particle Birth

• T j
dth - Instant of Particle Death

Definition 20. A particle N j is said to be ”alive” at time t if:

T j
bth < t < T j

dth

The sum of all alive particles at time t defines the population Z(t). The interval

δtj = T j
death−T j

birth defines the neutron lifetime before the first reaction at tjdeath. As

shown in Chapter 3, it was shown that the neutron life time obeys an exponential

distribution

P (τ > δtj) = e−Qδtj (5.15)

which the inverse allows to randomly sample values for the neutron’s interval of

life and is known as Inverse Distribution Method LUX (2018)

δtj = − ln(ξ)

Q
, ξ ∼ U [0, 1] (5.16)

It is implicit here that the medium is homogeneous and because of this the

particle will live during all the interval δtj in a medium with reaction intensity Q.

Because of such flow of information from the future to the past, we shall say that

Tdth is a Backwards Variable. By other hand Prompt Neutrons, are produced at the

same moment that the incident neutron reacts and because of this, we shall say that

Tbth is a Terminal Variable.

This way, given a first particle N 1, its offspring shall be constructed by the

following set of relations:

Galton-Watson Process:
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Kj = S(U j) (5.17)

j′k = k +

j−1∑
i=0

Ki, k ∈ {1, 2, . . . , Kj} (5.18)

N j′k = N j + 1 (5.19)

One Point Process:

T
j′k
dth = T j

bth −
ln(ξ)

Q
(5.20)

Prompt Neutron:

T
j′k
bth = T j

dth (5.21)

Homogeneous Medium Hypothesis:

Qj′k = Qj = Q1 (5.22)

U j′k = U j = U1 (5.23)

5.3 The Branching Process with Prompt and De-

layed Particles Algorithm

The algorithm shall now allow more different kinds of particles as described in

Chapter 4

• j - Index

• i - Particle Type

• N j - Generation

• Kj
i - Offspring size

• U j
i - Offspring probability distribution
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• Rj - Decay Rate

• T j
bth - Instant of Particle Birth

• T j
dth - Instant of Particle Death

such that Ti represents the i−type of particle and

Rj =

Qj if i = 1,

λj
i if i ̸= 1,

(5.24)

Since particles of type i ̸= 1 also decays with an exponential distribution as

showed by Equation 4.9 it is possible to write a general expression for the first

reaction time interval δtji for all particles.

δtji = −
ln(ξ)

Rj
ξ ∼ U [0, 1] (5.25)

The operator Φ(.) has the form

Galton-Watson Process:

Kj
i =


∑I

i=1 S(U
j
i ) if i = 1,

1 if i ̸= 1

(5.26)

j′k = k +

j−1∑
i=0

Ki, k ∈ {1, 2, . . . , Kj} (5.27)

N j′k = N j + 1 (5.28)

One Point Process:

T
j′k
dth = T j

bth + δtji (5.29)

T
j′k
bth = T j

dth (5.30)

Homogeneous Medium Hypothesis:

Qj′k = Q (5.31)
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λj
i = λi (5.32)

U
j′k
i = Ui (5.33)

Given a first particleN 1
i of type i, the simulation evolves by iterating the operator

Φ(.) under all built particles as described on the previous sections

{N j′1 ,N j′2 , ...,N j′
Kj } = Φ(N j

i ) (5.34)

5.4 CMake and the ROOT Library

Aiming to perform the algorithms many times in C++ programming language,

ROOT Library BRUN e RADEMAKERS (1997) was chosen as a Data Analysis

framework. It offers many classes for particle’s construction such as TParticle.

ROOT was designed for the context of Monte Carlo simulations for High Energy

physics and therefore, many functionalities are already implemented. ROOT also

offers an efficient way to save a big amount of data for analysis. This is done by the

”.root” file.

Table 5.1: Root fille table example

Generation Tbth Tdth Simulation Index Q

0 0.0 0.000000 0.665785 0.0 0.0 1.0

1 0.0 0.000000 1.175542 1.0 0.0 1.0

2 1.0 1.175542 1.229336 1.0 1.0 1.0

3 0.0 0.000000 0.353493 2.0 0.0 1.0

4 0.0 0.000000 0.703655 3.0 0.0 1.0

5 0.0 0.000000 2.478144 4.0 0.0 1.0

6 1.0 2.478144 3.761067 4.0 1.0 1.0

7 2.0 3.761067 3.777768 4.0 2.0 1.0

8 3.0 3.777768 4.044757 4.0 3.0 1.0

9 4.0 4.044757 4.309844 4.0 4.0 1.0
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In such file, each row represents a neutron, and each column the value of it’s

attribute

Root has an easy integration with VScode and allow a pre-visualization of basics

statistics and histograms after loading root files. Examples can be found in Appendix

B

Another great advantage is the easy connectivity with python libraries such as

uproot3 library. All Data is loaded at once as a dictionary and this offers great

advantage if compared to loading many ”.txt” files or a single ”.csv” file. After

loading, the dictionary can be converted to a pandas DataFrame without difficulties.

An example is shown by figure C.4 in appendix B

The project was developed mainly on Linux and makes great use of CMake

Software BAST e DI REMIGIO (2018) due to its capability to automatically link

ROOT Libraries with the project’s classes and produce makes files for the code

execution. CMake usage is very common between ROOT community and both have

easy integration. CMake is also much used in other industrial Monte Carlo codes

such as GEANT4 AGOSTINELLI et al. (2003).

Figure 5.4: Random number histogram for TRandom1, TRandom2 and TRandom3

generator
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A second class of algorithm was programmed in order to use multi-threading

computation. In order to do so, OpenMP library CHANDRA et al. (2001) was

used. Sorting algorithms are used inside C++ core and no Python connectivity is

necessary. Such algorithm’s version is therefore, highly suitable for long time com-

putations with many particles simulated, which can be boosted if ran in a computer

with many threads.

For generation of pseudorandom numbers, the ROOT’s TRandom 3 class was

used in this project. The class is based on the Mersenne Twister generator algorithm

and has a period over 106000 events MATSUMOTO e NISHIMURA (1998). In

TRandom class documentation, it is stated that TRandom3 is slightly slower then

TRandom2 and much faster than TRandom1. The generator provides number with

32 random bits which is sufficient for the current project. In order to test the

pseudo-random numbers quality, 3000 numbers were generated and their frequency

was counted as it is shown in Figure 5.6.

5.5 Population and Probabilities Computing

As referred before, simulations are made many times and then, data is stored in

a root fille. It is loaded using mainly the uproot3 library and rapidly converted to

a DataFrame. Figure C.4 shows an example.

The amount of alive particles for each instant of time t or generation n is com-

puted at each simulation. Computing the population for the Galton-Watson Process

has a low computational cost since particles are naturally indexed by their gener-

ations 1. In this case, basic Pandas counting functions can deal with the work

without effort. The same doesn’t apply for time attributes since no natural index-

ing is present and therefore, computing time population has higher computational

cost. Two strategies are possible.

The first one is a counting function which loops thought all rows asking if for a

given time t,the particle from row obeys Definition 20

Such algorithm is not the most efficient since it loops through all particles and

might be very expansive especially for Supercritical simulations.

1Recall Theorem 5.1.1
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Algorithm 1 First Strategy
Count← 0

row ← 0

Nrows← Number of Rows in Simulation

while row ≤ Nrows do

if Tbth ≤ t ≤ Tdth then

Count← Count+ 1

end if

row ← row + 1

end while

return Count

The second strategy makes use of sort algorithms and therefore, has it cost

attached to the sorting quality.

Algorithm 2 Second Strategy

A← Sort(Tbth)

B ← Sort(Tdth)

a← 0

b← 0

while A[a] ≤ t do

a← a+ 1

end while

while B[b] ≤ t do

b← b+ 1

end while

return a-b

After computations, the Random Population Matrix A can be produced
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Table 5.2: Population Matrix example for Case 3 from A.2

Time Simulation 1 Simulation 2 Simulation 3 Simulation 4 Simulation 5

0 1.0 1.0 1.0 1.0 1.0

0.140141 1.0 1.0 1.0 0.0 1.0

0.280281 1.0 1.0 1.0 0.0 1.0

0.420421 1.0 1.0 1.0 0.0 1.0

0.560562 1.0 1.0 1.0 0.0 0.0

0.700702 1.0 1.0 1.0 0.0 0.0

0.840842 1.0 1.0 1.0 0.0 0.0

0.980982 1.0 1.0 1.0 0.0 0.0

1.121122 0.0 1.0 1.0 0.0 0.0

1.261262 0.0 1.0 1.0 0.0 0.0

Values in the rows represent particle population at a given instant of time t. The

columns represent the simulation index which the population belongs.

Once the matrix A is computed, probabilities pn(t) from the generation function

g(t, z) can be calculated. For each row the counting function is defined

Sj,N(t) =
N∑
i=0

δi,j, j ∈ {1, 2, ...,maxA} (5.35)

such that the N is the total number of simulations and the basic Bernoulli

Distribution is defined

P (δi,j = 1) = pj(t)

P (δi,j = 0) = (1− pj(t))

(5.36)

Here δi,j represents the Kronecker Delta

δi,j =

0 If i ̸= j

1 If i = j

(5.37)

The Numeric Probability p̃j(t) is computed therefore for each instant of time by

the frequency
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p̄j(t) =
Sj,N(t)

N
(5.38)

and it approximates the analytical probability pj(t) by the Borel’s strong law of

large numbers LOÈVE (2017)

P [p̄j(t)→ pj(t)] = 1, as N →∞ (5.39)

The distance of computed probabilities and its analytical value is given by the

relation found in LOÈVE (2017)

P [|p̃j(t)− pj(t)| ≥ ϵ] =
pj(t)(1− pj(t))

ϵ2N
(5.40)

which is a consequence of the Tchebichev inequality LOÈVE (2017)

P [|X| ≥ ϵ] ≤ 1

ϵ2
E[X2] (5.41)

In the limit, we have the Bernoulli law of large numbers

P [|p̃j(t)− pj(t)| ≥ ϵ]→ 0, as N →∞ (5.42)

Table 5.3: Probability Matrix example for Case 3 from table A.2

Time p0(t) p1(t) p2(t) p3(t) p4(t)

0 0.0000 0.0000 1.0000 0.0000 0.0000

0.140141 0.0240 0.9420 0.0335 0.0005 0.0000

0.280281 0.0475 0.8825 0.0655 0.0045 0.0000

0.420421 0.0720 0.8320 0.0865 0.0085 0.0005

0.560562 0.0940 0.7910 0.0990 0.0140 0.0020

0.700702 0.1145 0.7495 0.1110 0.0195 0.0055

0.840842 0.1310 0.7135 0.1205 0.0275 0.0060

0.980982 0.1560 0.6680 0.1375 0.0300 0.0055

1.121122 0.1735 0.6340 0.1455 0.0355 0.0080

1.261262 0.1890 0.6070 0.1475 0.0415 0.0105

56



5.6 The Pseudo Catastrophe Phenomena

As presented before by equation 5.40, the non-zero ”error” |p̃j(t)−pj(t)| between

analytical and computational probabilities, depends on the number N of simulations

and on the value of pj(t). However, Theorem 5.1.1 recall us that missing particles

create ”holes” in the last generation when the Tree dies off2, that is, when the al-

gorithm finishes. However, since particles are not naturally indexed on time, these

”missing” particles distribute themselves thought all instants of time and may pro-

duce an artificial phenomena, such that the amount of particles that ”dies” is much

bigger than those who are being born ”born”. This can be easily illustrated by the

duplicative Scenario

p0 = 0, p1 = 0, p2 = 1 (5.43)

Figure 5.5: Duplicative scenario for 10 simulations and 8000 particles created

through the time evolution

In this case, this artificial phenomena is evident since particles only duplicate(

p0 = 0 ), but at some instant of time t, the absorption probability seems to be bigger

than other ones p0 > 1 − p0 and the process ends with a fast decrease of the pop-

ulation. This artificial fast decrease of particles in a duplicative scenario motivates

2Recall Definition
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the name Pseudo Catastrophe Phenomena and is the reason shy the probability dis-

tance |p̃j(t)−pj(t)| depends on the Maximum Number of Simulated Particles by the

algorithm.

Figure 5.6: Duplicative scenario for 10 simulations and 8000 particles created

through the generations

A low number of particles has therefore, impact on the probabilities as exempli-

fied by the following figure

Figure 5.7: Pseduo-Catastrophe phenomena implications in probabilities computing

for supercritical test-case

Let’s denote the number of all particles produced by the first particle and its

progeny by Np(n). In the generation case, Np(n) is given by the sum:
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Np(n) =
n∑

i=1

Zi (5.44)

such that Zn represents the population at the n−th generation. As shown by

Theorem 2.0.2, the expected value for n−th generation is

E[Np(n)] =
n∑

i=1

E[Zi] =
n∑

i=1

qi

But recalling Theorem 3.1.3, we have

E[Np(n)] =


qn1−1

q1−1
If q1 ̸= 1

n If q1 = 1

(5.45)

Figure 5.8: Accumulated number of particles for subcritical, critical and supercritical

cases. Figures reproduced with 2000 simulations with 80000 simulated particles

For the Time-Continuous case, relations from PÁZSIT e PÁL (2007) shall be

used. Let there be the probability
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P (Np(t) = n|n(0) = 1) = pp(n, t) (5.46)

that the first particle had a progeny of n other particles until time t. It has

generation function

gp(z, t) =
∞∑
n=0

pp(n, t)z
n, |z| < 1 (5.47)

which obeys the the differential equation

∂gp(z, t)

∂t
= −Qqp(z, t) +Qq[zgp(z, t)] (5.48)

with initial condition:

gp(z, 0) = 1 (5.49)

Remembering, the factorial moments are given by

mk(t) =

[
∂gp(z, t)

∂zk

]
z=1

(5.50)

The first moment

m1(t) = E[Np(n)|n(0) = 1] (5.51)

obeys the ordinary equation

dm1(t)

dt
= Q(q1 − 1) +Qq1 (5.52)

with solutions

m1(t) =


Qq1

e(q1−1)t−1
q1−1

if q1 ̸= 1

Qt if q1 = 1

(5.53)

60



Figure 5.9: Accumulated number of particles for subcritical, critical and supercritical

cases. Figures reproduced with 2000 simulations with 80000 simulated particles

The second moment has equation

dm2

dt
= (q1 − 1)m2(t) + 2Qq1m1 +Qq2(1 +m1(t))

2 (5.54)

The solution for q1 ̸= 1 is

m2(t) =q2Qt
eαt − 1

αt

+ 2
Qq1
α

(q1 + q2)Qteαt
(
1− 1− e−αt

αt

)
+ 2q2

(
Qq1
α

)2

Qteαt
(
sinhαt

αt
− 1

) (5.55)

with α = Q(q1 − 1). If q1 = 0, then

m2(t) = q2Qt+ (1 + q2)(Qt)2 +
1

3
q2(Qt)3 (5.56)
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Chapter 6

Nuclear Data

The current chapter aims to present the main parameters and nuclear data which

shall be used for simulations in the next chapter. The main works found in the

literature devoted to experimentally calculate the offspring probability distribution

in nuclear reactions will be presented.

6.1 Classical Data

It is known from nuclear physics, that many of nuclear parameters are dependent

of incident neutron energy. One of these, is the average number of prompt neutrons

emitted in a fission ν.

Table 6.1: Average Number of Fission Neutrons from KAPLAN (1977)

Neutron

energy (MeV)
U233 + n U235 + n U238 + n Pu239 + n

Thermal

0.08

1.3

1.5

1.8

2.0

4.0

14.1

2.51± 0.02

2.58± 0.06

2.69± 0.05

2.75± 0.06

3.06± 0.12

3.86± 0.28

−

2.44± 0.02

2.47± 0.03

2.61± 0.09

2.57± 0.12

2.72± 0.06

2.80± 0.15

3.01± 0.12

4.52± 0.32

2.65± 0.09

3.11± 0.10

4.13± 0.25

−

−

−

−

2.89± 0.03

3.05± 0.08

3.08± 0.05

3.28± 0.06

3.43± 0.11

4.85± 0.50

−

−
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As it is pointed in KAPLAN (1977), nuclides can undergo into a fission process

in at least 30 different ways, and because of this the neutron average number of

fission is a rational number. The energy dependency for the average number of

emitted neutrons ν̄(E) can be found in DUDERSTADT e HAMILTON (1976).

For the case of Pu239, U235 and U233 it is presented the equations

ν̄Pu239 = 2.874 + 0.138E (6.1)

ν̄U233 =

2.482 + 0.075E if 0 < E < 1

2.412 + 0.136E if E > 1

(6.2)

ν̄U235 =

2.432 + 0.066E if 0 < E < 1

2.349 + 0.150E if E > 1

(6.3)

Figure 6.1: Average number of emitted neutrons energy dependency

It is also shown at KAPLAN (1977) that for energy distribution between

0.075Mev and 17Mev, the relative number of neutrons per unit of energy can be

described by the empirical formula

N(E) = e−Esinh(2E)1/2 (6.4)
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For the case of U235, DUDERSTADT e HAMILTON (1976) presents the estima-

tion for the prompt neutron fission spectrum

χ(E) = 0.435e−1.036Esinh
√
2.29E (6.5)

such that χ(E) is the average number of fission neutrons emitted per energy

unity.

Figure 6.2: U235 fission spectrum

It is known from nuclear physics KAPLAN (1977), that each neutron inducted

reaction undergoes a fission decay chains. The series is formed by a set of unstable

fission fragments which decays until a final stable fragment called fission product.

For U235, it is most common the reactions

n+ U235 → U236 → Ba141 +Kr92 + 3n

n+ U235 → U236 → Xe140 + Sr94 + 2n

(6.6)

This is one of the at least 30 known reactions from U235 which takes place

uniquely by the laws of chances. It makes sense this way to ask about the yield

which a fission product appears in a set of fission decay chains. Such yield for a

particular nuclide may be seen as the probability of a given nuclide taking place in

the fission chain decay. It is the probability of a given chain takes place as

interpreted in KAPLAN (1977).
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The Yield empirical curves are very well known in both Nuclear Engineering and

Nuclear Physics and are presented as a plot of the abundance which a long-lived

nuclear appears in the reaction against its mass number.

Figure 6.3: Data from PLOMPEN et al. (2020) database

This way, the probability of creating k neutrons in a nuclear reaction, is associ-

ated with the probability measure of all reaction chains that produces k neutrons.

6.2 Classic Works on Fission Neutron Distribu-

tion

The work from APALIN et al. (1964) shows a correlation between fragment mass

yield and the number of emitted neutrons for the case of U235.
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Figure 6.4: Yeld curve figure from APALIN et al. (1964)

The solid line in figure 6.4 represents the mass distribution of fission fragments

and the dots, the number of emitted neutrons ν(M). They were computed by making

use of a neutron detector filled with a liquid organic scintillator which produces flares

by γ−quanta when neutron capture takes over in cadmium.

Figure 6.5: Experimental procedure. Figure from HICKS et al. (1956)

The work from HICKS et al. (1956) calculates the multiplicity probabilities of

prompt neutrons for spontaneous fission. He also uses a scintillator with toluene,

cadmium, propinate, p-terphenyl, methanol and alpha-NPO.

In the experiment, prompt neutrons released from fission chamber transmit al-

most all their energy to recoil protons. Each interaction creates a prompt pulse
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in the scintillator tank. Thermal neutrons react with Cd113 by radioactive capture

which also creates a pulse due to fraction of energy released in the capture decay

chain. The experiment procedure is illustrated in figure 6.5

Monte Carlo computations are performed in order to evaluate the scintillator

efficiency due to correlations of neutron kinetic energy with the number of neutrons

per fission event.

Probabilities are found for many isotopes in table B.1 and computed by the

relation

P (ν) =
n=nmax∑
n=ν

F (n)
n!

ν!(n− ν)!
ϵ−n(ϵ− 1)n−ν (6.7)

such that F (n) is the corrected version of the the empirical observed neutron

multiplicity distribution F ′′(n).

Figure 6.6: Experimental Emission Probabilities for Pu Isotopes from table B.1

The work notes that for the case of Pu240 ,Cm242 and Cf 252, the probability

distribution roughly approximates the Binomial distribution
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Figure 6.7: Experimental Emission Probabilities for Cm Isotopes from table B.1

Figure 6.8: Emission Probabilities for

Cf 252 from table B.1

The works from LEACHMAN (1956) and LEACHMAN e KAZEK JR (1957)

are another notorious experimental work in this field. It approaches the multiplic-

ity neutron emission probability by estimations on excitation-energy distribution

of fragments which are computed by mass balance equation and measured kinetic

fragments energies.

M(A, δ, Z) + En +B = M
(
AL, δL, ZL

)
+M

(
AH , δH , ZH

)
+ EK + EX (6.8)

such that En and B are the incident neutron energy and its binding energy

respectively. The superscripts L and H refer both to light and heavy fragments.

Energies Ex and Ek are respectively the total excitation and kinetic energy for a

fragment pair. The total excitation energy X is computed by the convolution of XL

and XH .
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X =

∫ ∞

−∞
XLXhdEX (6.9)

Figure 6.9: Figure from LEACHMAN (1956)

Probabilities NL and NH of emitting νL and νH neutrons are computed based

on the neutron boil-off considerations

n(ϵ) ∝ exp(ϵ/T ) (6.10)

such that n(ϵ) represents the emission probability of neutrons with energy ϵ

under the ”Temperature” T .

The probabilities PL
ν and PH

ν of fragments emitting νL and νH neutrons are

computed by

PL
ν =

∫ ∞

−∞
XLNLdEX (6.11)

PH
ν =

∫ ∞

−∞
XHNHdEX (6.12)

Multiplicity probabilities are computed by

Pn =
ν∑

η=0

PL
η P

H
ν−η (6.13)
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Figure 6.10: Neutron emission probability found in LEACHMAN (1956)

The work from DIVEN et al. (1956) shows an experimental procedure similar to

the one presented by HICKS et al. (1956) but now for probabilities computing for

both spontaneous and induced fission .

Figure 6.11: Experimental Diagram used by DIVEN et al. (1956)

Thermalized neutrons from a Pu−Be source pass through a collimator which re-

acts with fissionable material close to counting chamber. Fission fragments produce

pulses which are detected by an oscilloscope. Neutrons produced on fission event

interact with recoil protons by producing a pulse in the scintillator. These neu-

trons are also captured by Cadmium present in the sintillator solution. Scintillator

efficiency is also evaluated by making use of Monte Carlo set of codes.

Probabilities are computed by the relation
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Pν =
∞∑
n=ν

n!

ν!(n− ν)!

(
1− 1

ϵ

)(
1

ϵ

)
Cn (6.14)

such that Cn is given by

Fn =
n∑

η=0

CηBn−η (6.15)

Here, Fn , Cn and Bn represent respectively the probability of observing n pulses

per fission sweep, the probability of observing n fission neutron pulses per fission and

the probability of observing n background pulses per sweep. In the paper, empirical

probabilities F ′
n, B

′
n are corrected by the relation

Fn

{
1−

[
n!

2!(n− 2)!

]
k

}
= Fn

′ −
[

(n+ 1)!

2!(n− 1)!

]
kFn+1 (6.16)

Data is presented in table B.3 and contains neutron emission probabilities for

U233 and U235

Figure 6.12: Experimental Emission Probabilities for U Isotopes from table B.1

The work from TERRELL (1957) shows that based on good hypotheses, the

distribution of fission neutron number can be approximated by a Gaussian which

doesn’t depends on the way that excitation energy divides between fission fragments.

The first assumption is that all excitation energy transmitted to fission fragment

has a Gaussian distribution. The second assumption is that the reduction of the

excitation energy by each neutron is ∆E ≈ E0. The probability Pν has the form

ν∑
0

Pn =
1

σE0(2π)
1
2

∫ (ν+1)E0

−∞
exp

[
−(E − Ē)2/2σ2E2

0

]
dE (6.17)

Defining
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t =
E − Ē

σE0

(6.18)

Ē

E0

= ν̄ +
1

2
− b (6.19)

f(x) =
1

2π

∫ x

−x

exp(−t2/2)dt (6.20)

the generalized emission probability has the form

ν∑
0

Pn = (2π)−
1
2

∫ (ν−ν̄+ 1
2
+b)/σ

−∞
exp

(
−t2/2

)
dt =

1

2
+

1

2
f

[(
ν − ν̄ +

1

2
+ b

)
/σ

]
(6.21)

such that b is the almost negligible term

b ≈ 1

2
− 1

2
f [(0.5 + µ̄)/σ] (6.22)

Multiplicities probabilities are therefore given by

Pn = (2π)−
1
2

∫ (ν−ν̄+ 1
2
+b)/σ

(ν−1−ν̄+ 1
2
+b)/σ

exp
(
−t2/2

)
dt (6.23)

Figure 6.13: Neutron emission probabilities comparison. Figure fom TERRELL

(1957)

The experimental results of LEACHMAN (1956) are cited and compared with

the presented results.
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Chapter 7

Simulations

The current section aims to present simulations of algorithms presented in chap-

ter 5 in order to validate equations obtained from chapter 2 , chapter 3 and chapter

4. All the codes are found at the Generator Project Repository in GitLab.

The Generator Project contains today two sets of codes. A first kind is designed

to make statistics with raw generated data. Simulations run in C++ and export a

”.root” file which is loaded using Python with appropriate libraries as described in

chapter 5. The second kind of codes is ran using CPU multi-threading for processing

data inside the algorithm’s core and is tremendously faster then the first kind of

codes. Such option allows simulation of more particles and therefore, allows better

results for longer time periods.

7.1 Galton-Watson Simulations

Results shown in the current section make use of the first kind of codes pre-

sented in the Generator projects. Because of this, a table such as 5.3 was generated

and counting through the generations was applied. Computations were performed

according to the tables A.1 and A.3
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7.1.1 SubCritical Case

Figure 7.1: Comparison between values from simulation for probability p0(k) with

its analytical value given by equation 3.19 for subcritical regime

Figure 7.2: Comparison between values from simulation for probability p1(k) with

its analytical value given by equation 3.20 for subcritical regime

Figure 7.3: Comparison between values from simulation for probability p2(k) with

its analytical value given by equation 3.21 for subcritical regime
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Figure 7.4: Subcritical neutron population simulations and probability distribution

Figure 7.5: Comparison between values from simulation for first moment m1(k) with

its analytical value given by equation 3.10 for subcritical regime

Figure 7.6: Comparison between values from simulation for variance with its ana-

lytical value given by equation 3.11 for subcritical regime
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Figure 7.7: Simulations for Zn+1

Zn
variable and time evolution of E[Zn+1]

E[Zn]
variable for

subcritical regime

Figure 7.8: Computed expectation and variance for Zn+1

Zn
variable for subcritical

regime

7.1.2 Critical Case

Figure 7.9: Comparison between values from simulation for probability p0(k) with

its analytical value given by equation 3.19 for critical regime
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Figure 7.10: Comparison between values from simulation for probability p1(k) with

its analytical value given by equation 3.20 for critical regime

Figure 7.11: Comparison between values from simulation for probability p2(k) with

its analytical value given by equation 3.21 for critical regime

Figure 7.12: Critical neutron population simulations and probability distribution
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Figure 7.13: Comparison between values from simulation for first moment m1(k)

with its analytical value given by equation 3.10 for critical regime

Figure 7.14: Comparison between values from simulation for variance with its ana-

lytical value given by equation 3.11 for critical regime

Figure 7.15: Simulations for Zn+1

Zn
variable and time evolution of E[Zn+1]

E[Zn]
variable for

critical regime
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Figure 7.16: Computed expectation and variance for Zn+1

Zn
variable for critical regime

7.1.3 SuperCritical

Figure 7.17: Comparison between values from simulation for probability p0(k) with

its analytical value given by equation 3.19 for supercritical regime

Figure 7.18: Comparison between values from simulation for probability p1(k) with

its analytical value for supercritical regime
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Figure 7.19: Comparison between values from simulation for probability p2(k) with

its analytical value for supercritical regime

Figure 7.20: Supercritical neutron population simulations and probability distribu-

tion

Figure 7.21: Comparison between values from simulation for first moment m1(k)

with its analytical value given by equation 3.10 for supercritical regime
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Figure 7.22: Comparison between values from simulation for variance with its ana-

lytical value given by equation 3.11 for supercritical regime

Figure 7.23: Simulations for Zn+1

Zn
variable and time evolution of E[Zn+1]

E[Zn]
variable for

supercritical regime

Figure 7.24: Expectation and Variance of Zn+1

Zn
variable
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7.2 Time-Continuous Simulations

Just as presented in the previous section, it was used the first kind of Generator

codes. Simulations were performed in C++ core and exported to a ”.root” file.

Parameters used are described in the tables A.5 and A.3

7.2.1 Subcritical

Figure 7.25: Comparison between values from simulation for probability p0(t) with

its analytical value given by equation 3.80 for subcritical regime

Figure 7.26: Subcritical neutron population simulations and probability distribution
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Figure 7.27: Comparison between values from simulation for first moment m1(t)

with its analytical value given by equation 3.58 for subcritical regime

Figure 7.28: Comparison between values from simulation for variance with its ana-

lytical value given by equation 3.59 for subcritical regime

7.2.2 Critical

Figure 7.29: Comparison between values from simulation for probability p0(t) with

its analytical value given by equation 3.80 for critical regime
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Figure 7.30: Critical neutron population simulations and probability distribution

Figure 7.31: Comparison between values from simulation for first moment m1(t)

with its analytical value given by equation 3.58 for critical regime

Figure 7.32: Comparison between values from simulation for variance with its ana-

lytical value given by equation 3.59 for critical regime
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7.2.3 Supercritical

Figure 7.33: Comparison between values from simulation for probability p0(t) with

its analytical value given by equation 3.80 for supercritical regime

Figure 7.34: Supercritical neutron population simulations and probability distribu-

tion

Figure 7.35: Comparison between values from simulation for first moment m1(t)

with its analytical value given by equation 3.58 for supercritical regime
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Figure 7.36: Comparison between values from simulation for variance with its ana-

lytical value given by equation 3.59 for supercritical regime

7.3 Prompt and Delayed particles Simulations

For prompt and delayed particles system, it was used the second kind of algo-

rithm, using CPU-multithreading due to the bigger amount of computations neces-

sary in the simulation. Simulations were performed according table A.4

7.3.1 Subcritical

Figure 7.37: Population expectation comparison for T1 and T2 particles with ω1

initial state from analytical and simulation computations in subcritical regime
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Figure 7.38: Probability distribution of T1 and T2 particles for ω1 initial state in

subcritical regime

Figure 7.39: Population expectation comparison for T1 and T2 particles with ω2

initial state from analytical and simulation computations in subcritical regime

Figure 7.40: Probability distribution of T1 and T2 particles for ω2 initial states in

subcritical regime
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Figure 7.41: Population variance comparison for T1 and T2 particles with ω1 and

ω2 initial state from simulation computations in subcritical regime

7.3.2 Critical

Figure 7.42: Population expectation comparison for T1 and T2 particles with ω1

initial state from analytical and simulation computations in critical regime

Figure 7.43: Probability distribution of T1 and T2 particles for ω1 initial state in

critical regime
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Figure 7.44: Population expectation comparison for T1 and T2 particles with ω2

initial state from analytical and simulation computations in critical regime

Figure 7.45: Probability distribution of T1 and T2 particles for ω2 initial states in

critical regime

Figure 7.46: Population variance comparison for T1 and T2 particles with ω1 and

ω2 initial state from simulation computations in critical regime
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7.3.3 Supercritical

Figure 7.47: Population expectation comparison for T1 and T2 particles with ω1

initial state from analytical and simulation computations in supercritical regime

Figure 7.48: Probability distribution of T1 and T2 particles for ω1 initial state in

supercritical regime

Figure 7.49: Population expectation comparison for T1 and T2 particles with ω2

initial state from analytical and simulation computations in supercritical regime
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Figure 7.50: Probability distribution of T1 and T2 particles for ω2 initial states in

supecritical regime

Figure 7.51: Population variance comparison for T1 and T2 particles with ω1 and

ω2 initial state from simulation computations in supercritical regime

7.3.4 Results’ Analysis

Due to the big amount of figures and the strong ressamblance between results

from Galton-Watson simulations and Time-Continuous simulations, discussion can

be grouped by the following structure
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Table 7.1: Table of figures for Galton-Watson and Time-Continuous Simulations

Case 1 Case 2 Case 3

Extinction Probabilities p0 7.1 7.25 7.9 7.29 7.17 7.33

Probabilities p1 7.2 7.10 7.18

Probabilities p2 7.3 7.11 7.19

Population and Probability Distribution 7.4 7.26 7.12 7.30 7.20 7.34

Population Expectation 7.5 7.27 7.13 7.31 7.21 7.35

Population Variance 7.6 7.28 7.14 7.32 7.22 7.36

E[Zn+1]
E[Zn]

7.7 7.15 7.23

E[Zn+1

Zn
] 7.8 7.16 7.24

For Subcritical regime (Case 1) it is possible to see that Extinction Probabilities

p0 for all regimes and for both kind of simulations, are in great agreement with their

respective analytical equation. It is also possible to observe that the absolute error

is decreasing. The same happens for probabilities p1 and p2 in both simulations.

This is expected, since at long time ranges or late generations, it is almost sure that

all branching trees are dead in each simulation. Extinction Probabilities’ figures also

confirm in an independent way the same non-intuitive results about the monotonic

increase of the extinction probabilities for critical and supercritical cases, as deduced

mathematically and discussed in chapter 3. We also note that extinction probabili-

ties converge uniformly to p0(∞) = 1 in subcritical regime, to p0(∞) = 1 in critical

regime and to p0(∞) = 0.8 in supercritical regime, as deduced in chapter 3. We

also observe that no pseudo-cathastrophical phenomena is observed as exemplified

by figure 5.7

Figures for Probabilities p1 and p2 show great agreement between simulations

and they’re analytical expressions for all cases.

Figures for population and probabilities distributions show that in subcritical,

critical and supercritical cases, populations either decrease to zero or exponentially
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increase in both kind of simulations in complete accordance with Lemma 3.1.5.

Figures 7.12 and 7.30 show the extreme non-trivial nature of Lemma 3.1.5 for critical

regime, since it is intuitive to expect that population’s curve stabilizes around any

constant value.

Figures relative to variance and expectations need to be read together. First, it

is possible to see that variance for subcritical regime in both kind of simulations,

reaches a maximum and decreases after that. This has an implication on expectation

graphics, in such a way that their absolute errors also reach a peak at approximate

same generations and instant of time. After this instant of time or generation, the

absolute error decreases. For critical regime, one see that variance is approximately

linear at initial generations and instant of time. After that, the absolute error

increases. For supercritical regime, variance’s absolute error exponentially increases

although it’s relative error stays bounded. Such an increase in absolute error affects

supercritical population expectation, which also exponentially increases the absolute

error but also witha bounded error.

Figures 7.7 , 7.15 and 7.23 illustrate the evolution of E[Zn+1]
Zn

parameter in a clear

allusion to the Multiplication factor k defined in DUDERSTADT e HAMILTON

(1976). It is possible to see that the parameter stochastically floats around the

average number emitted particle in a reaction q1 as expected, showing that the code

can be used for reactivity measurements.

It is important to note that for all simulations and for all cases, no pseudo-

catastrophical phenomena was observed. This shows that the number of particles

and simulations was sufficient for each case and simulation.

It is also worthwhile to observe that results from Time-Continuous subsection

are similar to the Galton-Watson processes’ results. Also from tables A.3 and A.4,

we see that with the same amount of particles and number of simulations, we can

derive similar results. Also due to theorem 5.1.1, populations and probabilities

computations, were made with less calculations in the Galton-Watson simulation

than in the Time-Continuous simulation.

In prompt and delayed simulations, we also observe great agreement between

generated data with analytical equations as presented in figures 7.37 and 7.39 for

subcritical regime, figures 7.42 and 7.44 for critical regime, figures 7.47 and 7.49 for
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supercritical regime. In both states ω1 and ω2, for all regimes, the absolute error is

not bigger then 0.05.

It is also interesting to note that extinction probabilities for particles of type

T1 exhibit similar profile to the extinction probabilities studied in chapter 3. Also,

distribution probability for particle of type T2 seems to converge uniformly for

all the three regimes and for both ω1 and ω2 states, although no mathematical

demonstration was provided.
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Chapter 8

Conclusion

The Generator project proved to be able to validate theoretical results of the

Theory of Branching Processes by choosing a sufficient amount of particles to be

created at each simulation. Not only that, it is shown to be a precursor in the

generation of data for the statistical exploration of the temporal evolution parame-

ters which depend on the population of neutrons and nuclides in a nuclear reaction.

Such set of codes is extremely valuable in situations where analytical techniques are

rather untraceable.
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Appendix A

Table of Case Tests

Table A.1: Galton-Watson Process Table of Cases. Data from PÁZSIT e PÁL

(2007)

Values
Case 1 Case 2 Case 3

f0 0.30 0.25 0.20

f1 0.45 0.50 0.55

f2 0.25 0.25 0.25

q1 0.95 1.0 1.05

q2 0.5 0.5 0.5

Table A.2: Prompt and Delayed Particles Process Table of Cases. Data from

PÁZSIT e PÁL (2007)

Values
Case 1 Case 2 Case 3

λ 5× 10−4 5× 10−4 5× 10−4

β 0.01 0.01 0.01

Q 1 1 1

q1 0.995 1.0 1.005
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Table A.3: Table of Parameters for Galton-Watson simulation

Case 1 Case 2 Case 3

Number of Simulations 2000 3000 3000

Number of Particles 80× 103 160× 103 106

Number of Threads 1 1 60

Table A.4: Table of Parameters for Prompt and Delayed Process Simulations

Case 1 Case 2 Case 3

Number of Simulations 2000 3000 3000

Number of Particles 80× 103 160× 103 106

Initial Instant of Time 0 0 0

Final Instant of Time 200 200 200

Number of Time Intervals 1000 1000 1000

Number of Threads 1 1 60

Table A.5: Table of Parameters for Time-Continous Simulations

Case 1 Case 2 Case 3

Number of Simulations 2000 2000 2000

Number of Particles 80× 103 160× 103 106

Initial Instant of Time 0 0 0

Final Instant of Time 200 200 200

Number of Time Intervals 1000 1000 1000

Number of Threads 1 1 60
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Appendix B

Table of Nuclear Data

Table B.1: Calculated probabilities of emitting ν neutrons per spontaneous fission

, fν , and the average number of neutrons per spontaneous fission ν̄ from HICKS

et al. (1956)

Values Pu236 Pu238 Pu240 Pu242 Cm242 Cm244 Cf 252

f0 0.062 ±

0.035

0.044 ±

0.009

0.041 ±

0.009

0.063 ±

0.013

0.011 ±

0.005

0.001 ±

0.004

0.001 ±

0.001

f1 0.156 ±

0.090

0.175 ±

0.026

0.219 ±

0.021

0.192 ±

0.034

0.126 ±

0.018

0.099 ±

0.017

0.021 ±

0.007

f2 0.380 ±

0.130

0.384 ±

0.026

0.351 ±

0.021

0.351 ±

0.041

0.323 ±

0.018

0.281 ±

0.022

0.111 ±

0.019

f3 0.280 ±

0.120

0.237 ±

0.027

0.241 ±

0.020

0.324 ±

0.047

0.347 ±

0.020

0.365 ±

0.018

0.271 ±

0.019

f4 0.096 ±

0.086

0.124 ±

0.021

0.127 ±

0.018

0.033 ±

0.026

0.139 ±

0.013

0.198 ±

0.020

0.326 ±

0.018

f5 0.330 ±

0.036

0.036 ±

0.009

0.020 ±

0.006

0.036 ±

0.013

0.050 ±

0.009

0.049 ±

0.009

0.178 ±

0.016

f6 0.001 ±

0.002

0.004 ±

0.002

0.007 ±

0.002

0.077 ±

0.013

f7 0.001 ±

0.001

0.013 ±

0.004

f8 0.003 ±

0.001

ν̄ 2.30 ±

0.19

2.33 ±

0.08

2.257 ±

0.049

2.18 ±

0.09

2.65 ±

0.09

2.84 ±

0.09

3.82 ±

0.12

103



Table B.2: Widths of neutron number distributions from fission

Fissioning nuclide ν̄
Experimental data

Γ2 = (⟨v2⟩Av − 5) /b2
Calculated for ”Gaussian” distribution, σ = 1.08

σ D = ⟨ν2⟩Ax − µ⃗2 D r2

Pu242 2.18± 0.09 1.069± 0.035 1.19± 0.07 0.792 + 0.014 1.213 0.796

Pu200 2.26± 0.05 1.109± 0.012 1.28± 0.03 0.807± 0.005
1.213

1.218

0.796

Pu236 2.30± 0.19 1.11± 0.11 1.28± 0.21 0.807± 0.039 1.221 0.796

Pu238 2.33± 0.08 1.115± 0.023 1.30± 0.05 0.809± 0.009 1.223 0.796

P225 + n(80kev) 2.47± 0.03 1.072± 0.021 1.22± 0.04 0.795± 0.007 1.231 0.797

U233 + n(80kev) 2.58± 0.06 1.041± 0.041 1.16± 0.08 0.786± 0.013 1.236 0.798

Cm2i2 2.65± 0.09 1.053± 0.013 1.18± 0.03 0.791± 0.004 1.238 0.799

U245 + n(1.25Mev) 2.65± 0.07 1.04± 0.06 1.15± 0.12 0.786± 0.018 1.238 0.799

U288 + n(1.5Mev) 2.65± 0.09 1.23± 0.08 1.56± 0.18 0.845± 0.025 1.238 0.799

Cm244 2.82± 0.05 1.036± 0.018 1.15± 0.05 0.790± 0.005 1.243 0.802

Pu250 + n (80 kev) 3.05± 0.08 1.14± 0.07 1.38± 0.14 0.821± 0.015 1.246 0.806

U225 + n(4.8Mev) 3.20± 0.08 1.20± 0.06 1.51± 0.13 0.835± 0.013 1.247 0.810

Cf 252 3.86± 0.07 1.207± 0.012 1.54± 0.04 0.844± 0.002 1.250 0.825

Al but Cf262 1.110± 0.006 1.079± 0.007

104



Table B.3: Neutron multiplicity probability from DIVEN et al. (1956). Data for

80− kev

Neutron-induced fission a Spontaneous fission Scattered

neu-

trons

(0-100

keV)

U233 U235 Pu239 Pu240 Cm244 Cf 252

Fissions analyzed 1632 10715 1376 8355 3301 4545 1470

ν̄ 2.585±

0.062

2.47b±

0.03

3.048±

0.079

2.257±

0.045

2.810±

0.059

3.869±

0.078

1.000b

⟨ν2⟩Av 7.84 ±

0.34

7.32 ±

0.15

10.62±

0.53

6.37 ±

0.21

9.20 ±

0.34

16.59±

0.62

1.007±

0.033

[⟨ν2⟩Aν − ν̄] /ν̄2 0.786±

0.013

0.795±

0.007

0.815±

0.017

0.807±

0.008

0.810±

0.008

0.850±

0.006

0.007±

0.033

f0 0.010±

0.008

0.027±

0.004

−0.01±

0.01

0.049±

0.006

0.009±

0.005

0.005±

0.002

0.001±

0.013

f1 0.151±

0.024

0.158±

0.010

0.11 ±

0.03

0.214±

0.012

0.109±

0.016

0.004±

0.009

0.999±

0.028

f2 0.326±

0.037

0.339±

0.014

0.13 +

0.06

0.321±

0.014

0.292±

0.023

0.138+

0.019

0.000±

0.015

f 2
3 0.301±

0.044

0.305±

0.015

0.56 ±

0.08

0.282±

0.017

0.315±

0.027

0.223±

0.032

−0.002±

0.004

f 3
4 0.176±

0.041

0.133±

0.013

0.11 ±

0.08

0.112±

0.013

0.224±

0.027

0.356±

0.035

0.002±

0.002

f5 0.042±

0.028

0.038±

0.009

0.06 ±

0.09

0.021±

0.008

0.030±

0.017

0.175±

0.034

0.000±

0.000

f6 −0.010±

0.017

−0.001±

0.003

0.05 ±

0.08

0.001±

0.003

0.021±

0.010

0.071+

0.028

· · ·

f7 0.006±

0.009

0.001±

0.002

0.00 ±

0.06

0.000±

0.002

0.000±

0.003

0.022±

0.017

· · ·

f8 −0.002±

0.002

0.000±

0.000

−0.01±

0.03

0.000±

0.000

0.000±

0.000

0.006±

0.007

· · ·
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Appendix C

Figures

Figure C.1: Root extension for Vscode showing generation histogram from simula-

tion

Figure C.2: Root extension for Vscode showing histogram for tbirth from simulation
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Figure C.3: Root extension for Vscode showing histogram for tdeath from simulation

Figure C.4: Example of Binded pandas DataFrame from simulation
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